
AN E X A C T  G E N E R A L  I N T E G R A L  OF THE E Q U A T I O N S  OF ONE 
C L A S S  OF C O M P R E S S I B L E  F L U I D S  

G. I. Nazarov 

Zhumal Prikladnoi MekhaniM i Tekhnicheskoi Fiziki ,  No. 2, pp. 130-131, 1965 

Exact general  solutions in physical  variables that depend on an arbitrary function of two arguments have been 
found for a certain class of compressible fluids in p lane -pa ra l l e l  or axisymmetr ic  flow. These solutions can be useful as 
a check for numerica l  methods used in solving boundary-value problems for nonlinear equations of gas dynamics with 
external  conservative forces. 

It is known [1] that the motion of a gas in the presence of a magnet ic  field perpendicular to the plane of flow (or 
transverse in the case of axisymmetr ic  flow) is described by the system of equations 
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p = 1 (p). (2) 

The notation used here is: ~0 - ve loc i ty  potent ial ,  ~ - stream function, v - speed, p - pressure, p , density, 
u - potent ia l  energy, and p - a parameter  character iz ing the magnet ic  field in the free stream at infini ty [2]. 

When k = 0 Eqs. (1), (2) describe a p l ane -pa ra l l e l  flow. When k = 1 they represent axisymmetr ic  flow. When 
g = 0 the equations reduce to the usual equations of compressible flow. Relation (2) is assumed to be known. 

Consider the second problem of dynamics:  Given the density (pressure) field p = p(x,y), find the ve loc i ty  field and 
the field of external  forces. 

The first two equations yield 

where 

Assume 
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Equation (3) can be reduced to the form 
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Consider a class of fluids for which p(x,y) satisfies the equation 

- 
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For such fluids the function ~>(x,y) can be found from the equation 

0~0  020  k ( 2 - - , k )  
Ox" =t- ~y2 + 4y------g--- �9 = 0, (7) 

When k = 0 Eq. (7) reduces to Laplace 's  equation and, consequently, the function ~ in (4) is determined in the 
form of a complex potent ia l  w(z) (z = x + iy). When k = 1 Eq. (7) is Laplace 's  equation in cyl indr ica l  coordinates for 
the axisymmetr ic  problem.  It is known [3] that  in this case the function ~ can also be expressed as a complex  potent ia l .  

Using (4) and (7), we can de termine  the speed v. Then, taking into account (2), Bemoulli 's  equation (1) can be 
used to determine  the potent ia l  energy U and hence  the f ield of external  conservative forces. 

Assuming the solution to (6) to be in the form p = pl(x)pz(y), we obtain two nonlinear ordinary equat ions,  

2p ip1"  - -  p l  '~ 4- ~,~px~ = O, 2p~p~" - -  p~'2 -I- 2ky-aP2P~" ~ ~,mPs~ : O ,  (8 )  
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in which the terms involving the arbitrary constant X are to be taken with opposite signs, as indicated.  

Assume, in i t ia l ly ,  X = 0 in (8). Integration yields 

, P i  ~--- (alx + bl) ~, P2 ----- (a~y 4- bi)~ for k ~- 0 (a, b ------~const), (9) 

1~1 : (a~x ~ bl) ~, la~ ---- (a~ In y + b~)~ for k = t .  (:tO) 

These solutions have real  meaning for those boundary-value  problems in which the coordinates x, y are bounded. 

Relations (9 ) and  (10) can be used to approximate  a p~escribed densi ty  f ie ld in given regions of x, y [4]. In that  
case the constants in (9) and (10) may  be regarded as parameters  that  can be determined at each point of the flow field 
from the requirement  that the function p(x,y) and its first derivatives with respect to x and y match the hypothet ica l  
expressions for these variahles .  

In an analogous manner one can obtain the solution for the s tream function ~ in the form 

0 ~  0 ~  k (2 -b k) �9 = 0 ,  

the density p = Pl P3 being determined from the same formulas (9), (10). 
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